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Èññëåäîâàíèÿ ÑÌÎ ñ ïîâòîðíûì îáðàùåíèåìè íåîãðàíè÷åííûì ÷èñëîì îáñëóæèâàþùèõ ïðèáîðîâìåòîäîì ïðåäåëüíîé äåêîìïîçèöèèÀ.À. Íàçàðîâ, Ñ.Ï. ÌîèñååâàÒîìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, �îññèÿe-mail: smoiseeva�mail.ruÀ.Ñ. ÌîðîçîâàÔèëèàë Êåìåðîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòàâ ã. Àíæåðî-Ñóäæåíñêå, �îññèÿe-mail: annamo�asf.ruFor proesses of the interest rates both marginal and joint probability distributionsare found. It appears that these distributions belong to a lass of the mixed distributions.And at the �xed values of a mixing random variable, the sample values of proesses areindependently distributed. Some results on these problems are formulated.ÂâåäåíèåÂ êëàññè÷åñêîé òåîðèè ìàññîâîãî îáñëóæèâàíèÿ ñóùåñòâóåò íå òàê ìíîãî ìîäåëåé, èñ-ñëåäîâàíèå êîòîðûõ óäàåòñÿ âûïîëíèòü àíàëèòè÷åñêèìè ìåòîäàìè è ñ ïîìîùüþ êî-òîðûõ ìîæíî ïîëó÷èòü îêîí÷àòåëüíûå ðåçóëüòàòû â âèäå �îðìóë äëÿ âåðîÿòíîñòíî-âðåìåííûõ õàðàêòåðèñòèê èññëåäóåìûõ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ. Â òî æå âðåìÿðåàëüíûå ñèñòåìû, â êîòîðûõ íàáëþäàþòñÿ ý��åêòû ïîâòîðíûõ îáðàùåíèé çàÿâîê êîáñëóæèâàþùåìó ïðèáîðó, òðåáóþò ðàññìîòðåíèÿ ìîäåëåé, âûõîäÿùèõ çà ðàìêè ìíî-æåñòâà êëàññè÷åñêèõ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ. Èññëåäîâàíèå òàêèõ ìîäåëåé âû-ïîëíÿåòñÿ, êàê ïðàâèëî, ÷èñëåííûìè ìåòîäàìè ëèáî èìèòàöèîííûì ìîäåëèðîâàíèåì ñîâñåìè íåäîñòàòêàìè, âûòåêàþùèìè èç ýòèõ ìåòîäîâ. Àëüòåðíàòèâíûì ïîäõîäîì ÿâëÿ-åòñÿ ïðèìåíåíèå ìåòîäà ïðåäåëüíîé äåêîìïîçèöèè äëÿ èññëåäîâàíèÿ òàêèõ ñèñòåì.1. Ìàòåìàòè÷åñêàÿ ìîäåëü�àññìîòðèì ñèñòåìó ìàññîâîãî îáñëóæèâàíèÿ (ÑÌÎ) ñ íåîãðàíè÷åííûì ÷èñëîì îáñëó-æèâàþùèõ ïðèáîðîâ, íà âõîä êîòîðîé ïîñòóïàåò ïðîñòåéøèé ñ ïàðàìåòðîì λ ïîòîê çà-ÿâîê (ðèñ. 1). Âðåìÿ îáñëóæèâàíèÿ íà êàæäîì ïðèáîðå èìååò ïðîèçâîëüíóþ �óíêöèþðàñïðåäåëåíèÿ B(x), îäèíàêîâóþ äëÿ âñåõ ïðèáîðîâ. Çàÿâêà, çàâåðøèâøàÿ îáñëóæèâà-íèå, ñ âåðîÿòíîñòüþ 1 − r ïîêèäàåò ñèñòåìó, à ñ âåðîÿòíîñòüþ r îáðàùàåòñÿ ê ñèñòåìåäëÿ ïîâòîðíîãî îáñëóæèâàíèÿ.© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.88
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�èñ. 1Îáîçíà÷èì n(t) � ÷èñëî ïîâòîðíûõ îáðàùåíèé, ðåàëèçîâàííûõ çà âðåìÿ t. Òîãäà
P (n, t) = P {n(t) = n} � ðàñïðåäåëåíèå âåðîÿòíîñòåé ÷èñëà ïîâòîðíûõ îáðàùåíèé çàâðåìÿ t.Ñòàâèòñÿ çàäà÷à íàõîæäåíèÿ ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ÷èñëà ïîâòîðíûõ îáðà-ùåíèé.2. Ìåòîä ïðåäåëüíîé äåêîìïîçèöèè�àçäåëèì âõîäÿùèé ïîòîê íà N íåçàâèñèìûõ ïðîñòåéøèõ ïîòîêîâ ñ ïàðàìåòðîì λ/N .Çàÿâêè êàæäîãî ïîòîêà íàïðàâèì äëÿ îáñëóæèâàíèÿ íà ñîîòâåòñòâóþùèé ïðèáîð. Òà-êèì îáðàçîì, ïîëó÷àåì ñîâîêóïíîñòü N îäíîëèíåéíûõ ÑÌÎ. Áóäåì ïîëàãàòü, ÷òî ýòèÑÌÎ ñ îòêàçàìè (ðèñ. 2).Ïðè N → ∞ ñóììàðíûå õàðàêòåðèñòèêè ñîâîêóïíîñòè N îäíîëèíåéíûõ ÑÌÎ ñõî-äÿòñÿ ê õàðàêòåðèñòèêàì èñõîäíîé ìîäåëè. Òàêèì îáðàçîì, çàäà÷à íàõîæäåíèÿ ðàñïðå-äåëåíèÿ âåðîÿòíîñòåé ÷èñëà ïîâòîðíûõ îáðàùåíèé â ÑÌÎ  íåîãðàíè÷åííûì ÷èñëîìîáñëóæèâàþùèõ ïðèáîðîâ ñâîäèòñÿ ê ðåøåíèþ çàäà÷è íàõîæäåíèÿ ðàñïðåäåëåíèÿ âå-ðîÿòíîñòåé ÷èñëà ïîâòîðíûõ îáðàùåíèé â îäíîëèíåéíîé ÑÌÎ ñ îòêàçàìè.Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

k(t) � ñîñòîÿíèå ïðèáîðà, k(t) =

{

0 − ïðèáîð ñâîáîäåí,
1 − ïðèáîð çàíÿò;

z(t) � äëèíà èíòåðâàëà îò òåêóùåãî ìîìåíòà âðåìåíè t äî ìîìåíòà îêîí÷àíèÿ òå-êóùåãî îáñëóæèâàíèÿ, åñëè ïðèáîð çàíÿò, ò. å. k(t) = 1;
P1(n, z, t) = P {k(t) = 1, z(t) < z, n(t, N) = n} � âåðîÿòíîñòü òîãî, ÷òî ÷èñëî ïîâòîð-íûõ îáðàùåíèé ðàâíî n, ïðèáîð çàíÿò è äî êîíöà îáñëóæèâàíèÿ îñòàåòñÿ âðåìåíè ìåíü-øå z;

�èñ. 2
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P0(n, t) = P {k(t) = 0, n(t, N) = n} � âåðîÿòíîñòü òîãî, ÷òî ÷èñëî ïîâòîðíûõ îáðà-ùåíèé ðàâíî n è ïðèáîð ñâîáîäåí.Ñîñòàâèì ∆-ìåòîäîì ïðÿìóþ ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé Êîëìîãîðî-âà [1℄

P0(n, t + ∆t) = P0(n, t)(1 −
λ

N
∆t) + (1 − r)P1(n, ∆t, t) + o(∆t),

P1(n, z − ∆t, t + ∆t) = P1(n, z, t) − P1(n, ∆t, t)+

+ P1(n − 1, ∆t, t)rB(z) +
λ

N
P0(n − 1, t)∆tB(z) + o(∆t).Îòêóäà ïîëó÷àåì ñèñòåìó äè��åðåíöèàëüíûõ óðàâíåíèé

∂P0(n, t)

∂t
=

(1 − r)∂P1(n, 0, t)

∂z
−

λ

N
P0(n, t); (1)

∂P1(n, z, t)

∂t
=

∂P1(n, z, t)

∂z
−

∂P1(n, 0, t)

∂z
+ rB(z)

∂P1(n − 1, 0, t)

∂z
+

λ

N
P0(n − 1, t)B(z). (2)�àññìîòðèì �óíêöèè

∞
∑

n=0

xnP0(n, t) = H0(x, t),

∞
∑

n=0

xnP1(n, z, t) = H1(x, z, t).Òîãäà èç (1), (2) ñëåäóåò, ÷òî H1(x, z, t), H0(x, t) óäîâëåòâîðÿþò ñèñòåìå äè��åðåí-öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:
∂H0(x, t)

∂t
=

(1 − r)∂H1(x, z, t)

∂z
−

λ

N
H0(x, t),

∂H1(x, z, t)

∂t
−

∂H1(x, z, t)

∂z
= (rxB(z) − 1)

∂H1(x, 0, t)

∂z
+ H0(x, t)x

λ

N
B(z), (3)ðåøåíèå êîòîðîé áóäåì èñêàòü â âèäå

H0(x, t) = 1 +
1

N
F0(x, t) + o(N−2); (4)

H1(x, z, t) =
1

N
F1(x, z, t) + o(N−2). (5)Òîãäà óðàâíåíèÿ äëÿ F1(x, z, t), F0(x, t) èìåþò âèä

∂F0(x, t)

∂t
= λ − (1 − r)h(x, t), (6)

∂F1(x, z, t)

∂t
−

∂F1(x, z, t)

∂z
= λxB(z) + (rxB(z) − 1)h(x, t), (7)ãäå

h(x, t) =
∂F1(x, 0, t)

∂t
.
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dt

1
=

dz

−1
=

dF1(x, z, t)

λxB(z) + (rxB(z) − 1)h(x, t)
,îáùåå ðåøåíèå êîòîðîãî ìîæíî çàïèñàòü â âèäå

F1(x, z, t) = Φ(C1) +

t
∫

0

[λxB(C1 − s) + (rxB(C1 − s) − 1)h(x, s)] ds,ãäå Φ � ïðîèçâîëüíàÿ äè��åðåíöèðóåìàÿ �óíêöèÿ, à C1 âû÷èñëÿåòñÿ èç ðàâåíñòâà
z = C1 − t.Äëÿ îïðåäåëåíèÿ ÷àñòíîãî ðåøåíèÿ íåîáõîäèìî âîñïîëüçîâàòüñÿ íà÷àëüíûìè óñëî-âèÿìè. Ïîëó÷àåì

F1(x, z, 0) = R1(z) = Φ(C1) =
λ

1 − r

z
∫

0

(1 − B(y))dy,

F0(x, 0) = R0 =
λb

1 − r
.Òàêèì îáðàçîì, ÷àñòíîå ðåøåíèå ïðèíèìàåò âèä

F1(x, z, t) =
λ

1 − r

z+t
∫

0

(1 − B(y))dy +

t
∫

0

[λxB(z + t − s) + (rxB(z + t − s) − 1)h(x, s)] ds.Äè��åðåíöèðóÿ ýòî òîæäåñòâî ïî z â íóëå, ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå
h(x, t) =

λ

1 − r
+

(

λx −
λ

1 − r

)

B(t) + rx

t
∫

0

b(t − s)h(t, s)ds.�åøèòü èíòåãðàëüíîå óðàâíåíèå ìîæíî ÷åðåç ïðåîáðàçîâàíèÿ Ôóðüå â âèäå
ϕ(α) =

λ

1 − r
(x − 1)

B∗(α)

1 − rxB∗(α)
,ãäå

∞
∫

0

ejαtb(t)dt = B∗(α),

∞
∫

0

∂h(x, t)

∂t
ejαtdt = ϕ(α).



92 À.À. Íàçàðîâ, Ñ.Ï. Ìîèñååâà, À.Ñ. ÌîðîçîâàÏîäñòàâëÿÿ ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ â (6), (7), ïðè z → ∞ èìååì
F0(x, t) = −

λ

1 − r
− λt + (1 − r)

t
∫

0

h(x, s)ds,

F1(x, t) =
λb

1 − r
+ λxt + (rx − 1)

t
∫

0

h(x, s)ds.Îòêóäà F (x, t) = F1(x, t) + F0(x, t) = (x − 1)λt + (x − 1)
t
∫

0

h(x, s)ds.Ó÷èòûâàÿ (4), (5), ïîëó÷àåì âûðàæåíèå äëÿ ïðîèçâîäÿùåé �óíêöèè ÷èñëà ïîâòîð-íûõ îáðàùåíèé â ðàññìàòðèâàåìîé ÑÌÎ:
G(x, t) = exp {F (x, t)} = exp







(x − 1)λt + (x − 1)

t
∫

0

h(x, s)ds







.Â ñëó÷àå ýêñïîíåíöèàëüíîãî âðåìåíè îáñëóæèâàíèÿ èìååì ïðîèçâîäÿùóþ �óíêöèþâ âèäå
G(x, t) = exp

{

λt
x − 1

1 − rx
t −

λr

µ(1 − r)

(x − 1)2

(1 − rx)2

(

1 − e−µ(1−rx)t
)

}

.Ýòî âûðàæåíèå ñîâïàäàåò ñ ðàíåå ïîëó÷åííûìè ðåçóëüòàòàìè äëÿ áåñêîíå÷íîëè-íåéíûõ ñèñòåì ìàññîâîãî îáñëóæèâàíèÿ ñ ïîâòîðíûì îáðàùåíèåì è ýêñïîíåíöèàëüíûìâðåìåíåì îáñëóæèâàíèÿ [2℄.Ñïèñîê ëèòåðàòóðû[1℄ �íåäåíêî Á.Â. Êóðñ òåîðèè âåðîÿòíîñòåé. Ì.: Íàóêà, 1969.[2℄ Ìîèñååâà Ñ.Ï., Ìîðîçîâà À.Ñ. Èññëåäîâàíèå ïîòîêà îáðàùåíèé â áåñêîíå÷íîëèíåé-íîé ÑÌÎ ñ ïîâòîðíûì îáñëóæèâàíèåì // Îáðàáîòêà äàííûõ è óïðàâëåíèå â ñëîæíûõñèñòåìàõ. Âûï. 7. Òîìñê: Èçä-âî Òîì. óí-òà, 2005. C. 36�41.Ïîñòóïèëà â ðåäàêöèþ 28 ìàðòà 2008 ã.


